The edge betweenness centrality of an edge is loosely defined as the fraction of shortest paths between all pairs of vertices passing through that edge. In this paper, we investigate graphs where the edge betweenness centrality of edges is uniform.
Introduction
The betweenness centrality of a vertex v is the ratio of the number of shortest paths between two other vertices u and w which contain v to the total number of shortest paths between u and w, summed over all ordered pairs of vertices (u, w). This idea was introduced by Anthonisse [2] and Freeman [6] in the context of social networks, and has since appeared frequently in both social network and neuroscience literature [7, 18, 4, 8, 12, 11, 9, 5, 14, 20] . We first give some background with some elementary results.
Definition 1.1
The edge betweenness centrality of an edge e in a graph G, denoted B ′ G (e) (or simply B ′ (e) when G is clear), measures the frequency at which e appears on a shortest path between two distinct vertices x and y. Let σ xy be the number of shortest paths between distinct vertices x and y, and let σ xy (e) be the number of shortest paths between x and y that contain e. Then B ′ G (e) = x,y σxy(e) σxy (for all distinct vertices x and y).
Definition 1.2
We say a graph G has uniform edge betweenness centrality, or is edge-betweennessuniform, if B ′ G (e) has the same value for all edges e in G.
We note that, for undirected graphs, shortest paths from x to y are regarded as the same as shortest paths from y to x, though the associated contribution to the sum B with n vertices and a cut-edge e. The highest edge betweenness centrality will occur when the two components of T − e each have Many results on edge betweenness were obtained by Gago [9, 11] , and [12] . However, we mention a small oversight in [9] . In the second part of Lemma 4 in their paper, the following result is stated.
Lemma 1.2 (Comellas and Gago)
If C is a cut-set of edges, connecting two sets of vertices X and V (G)\X and |X| = n x , then e∈C B ′ G (e) = 2n x (n − n x ).
It is certainly true that e∈C B ′ G (e) ≥ 2n x (n − n x ) since shortest paths that have one vertex in X and one vertex in V (G)\X will certainly contain an edge in C. However, equality may not hold, as there may be shortest paths between vertices in the same part that use an edge in C. An example is given below. Example 1.1 Let G = P 3 with vertices u,v, and w and edges uv and vw. Let C = {uv, vw} be a cut-set of edges. Then X = {v} and V (G)\X = {u, w}, and n x = 1 and n − n x = 2. The contributions to B 
Elementary Results
In this subsection, we present a few simple results involving edge betweenness centrality and uniform edge betweenness centrality. We first give a formula for the edge betweenness centrality of any edge in a graph of diameter 2. Proposition 1.1 Let G be a diameter 2 graph. For any edge e = uw of G,
Proof. Any edge e = uw is on the unique shortest path from u to w and from w to u, contributing 2 to the sum. Since G is of diameter 2, we now need consider all paths of length 2 containing e = uw. Let v i be any vertex that is distance 2 from u and which is in the neighborhood of w, that is, v i is not a neighbor of u. Then there is a unique path from u to v i containing the edge e = uw, namely, the path u − w − v i . The total number of possible paths from u to v i is precisely given by the number of common neighbors of u and v i . The same reasoning applies to any vertex v i that is distance 2 from w, resulting in the above sum.
Corollary 1.1
The uniform edge betweenness centrality of a complete bipartite graph K m,n is given by:
For even n, the uniform edge betweenness centrality of K n minus a perfect matching is given by: 
Edge Transitivity and Uniform Edge Betweenness Centrality
We recall the definition of vertex (edge) transitivity. A graph is vertex-transitive (edge-transitive) if its automorphism group acts transitively on its vertex (edge) set. That is, a graph is vertex-transitive (edge-transitive) if its vertices (edges) cannot be distinguished from each other. We will make use of the following alternative definition [1] . Remark 2.1 Clearly if a graph is edge-transitive then it has uniform edge betweenness centrality. However, the converse is not true.
We used the databases from Brendan McKay [15] and the Wolfram Mathematica 11 code for betweenness testing and found that of the over 11.9 million graphs on ten vertices or less, there are only four graphs that have uniform edge betweenness centrality but are not edge-transitive (see Figure 1) . Figure 1 . The four graphs on ten vertices or less that have uniform edge betweenness centrality but are not edge transitive.
Surprisingly, none of these four graphs are vertex-transitive. We will show that these properties can arise in a special class of vertex-transitive graphs.
.., v n where each v i is adjacent to v (i+j)(mod n) and v (i−j)(mod n) for each j in a list L. Algebraically, circulant graphs are Cayley graphs on finite cyclic groups. For a list L containing m items, we refer to C n (L) as an m-circulant.
We note that a circulant graph has rotational symmetry about its vertices and is therefore vertex-transitive. We will show later that C 15 (1, 6) is not edge-transitive, but has uniform edge betweenness centrality and this example can be extended to an infinite class.
We again used the databases from Brendan McKay [15] and the Wolfram Mathematica 11 code for betweenness testing and found that C 15 (1, 6) is the smallest vertex-transitive graph that has uniform edge betweenness centrality but is not edge-transitive. For the sake of completeness the details are given below and in the appendix of this paper.
As noted above none of the four graphs in Figure 1 are vertex-transitive. In Propositions 2.1-2.5 we next check graphs on 11-15 vertices to identify graphs that are vertex-transitive, have uniform edge betweenness centrality, but are not edge-transitive. Proposition 2.1 There are no edge-betweenness-uniform graphs on 11 vertices that are vertex-transitive but not edge-transitive.
Proof. There are seven vertex-transitive graphs with 11 vertices. The only two properties of graphs identified in the literature thus far that individually imply uniform edge betweenness centrality are edge transitivity and distance regularity [10] . Recall that non-edge-transitive, edgebetweenness-uniform graphs appear to be very rare. However, we now introduce two infinite classes of graphs that we claim are edge-betweenness-uniform but neither edge-transitive nor distance-regular. Specifically, these classes are found among 2-circulants, and thus are vertex-transitive:
We determine that graphs in these classes are neither edge-transitive nor distance-regular. Not only is this information noteworthy on its own, for graphs that are edge-betweeenness-uniform but not edge-transitive are rare, but it also means that we must find a novel heuristic for demonstrating the uniform edge betweenness centrality of these graphs. Moreover, this is particularly challenging because counting shortest paths is a nontrivial problem. Ultimately, our method will not require making explicit shortest paths calculations in demonstrating uniform edge betweenness centrality.
• We arrange the vertices in graphs in Classes 1 and 2 in a circle, and label them counterclockwise and consecutively beginning with the label 1. The labels are viewed in modulo 18n − 3 for graphs in Class 1 and modulo 18n + 3 for graphs in Class 2.
• We refer to edges that connect consecutive vertices as outer chords or chords of length 1.
• We refer to edges that connect vertices that are 6n apart as inner chords or chords of length 6n. In reference to 2-circulants, we note for every pair of inner chords, there exists an automorphism mapping one to another, and for every pair of outer chords, there exists an automorphism mapping one to another (this is clear by defining the automorphism as a rotation). Thus, the edges of the graph split up into at most 2 orbits. In fact, for all graphs in Classes 1 and 2, the edges split up into exactly 2 orbits, since we now show that graphs in these classes are not edge-transitive (edges are all part of the same orbit). 
Consider a 2-circulant graph
if and only if one of the following two conditions holds:
In order for one of the conditions in Lemma 2.1 to be satisfied, we must have b = b ′ .
Lemma 2.3 (Wilson and Potocnik)
If G is a tetravalent edge-transitive circulant graph with k vertices, then either:
2. k is even, k = 2m, and G is isomorphic to C 2m (1, m + 1).
Theorem 2.2 Circulant graphs of the form C 18n±3 (1, 6n) are not edge-transitive.
Proof. By Lemmas 2.2 and 2.3, it suffices to show, letting k = 18n ± 3 and b = 6n, that b 2 ≡ ±1 (mod k) and (k − b) 2 ≡ ±1 (mod k). This is easily seen by polynomial long division.
We also verify that graphs of the form C 18n±3 (1, 6n) are not distance-regular by appealing to the following theorem.
Theorem 2.3 (Miklavic and Potocnik)
A Cayley graph of a cyclic group (a circulant) is distance-regular if and only if it is isomorphic to a cycle, or a complete graph, or a complete multipartite graph, or a complete bipartite graph on a twice an odd number of vertices with a matching removed, or the Paley graph with a prime number of vertices.
Corollary 2.1 Circulant graphs of the form G = C 18n±3 (1, 6n), n ∈ N are not distance-regular.
Proof. It is clear that G is none of the following: a cycle, complete graph, Paley graph with a prime number of vertices (the order of G is not prime), complete bipartite graph on twice an odd number of vertices with a matching removed (the order of G is not even). It is also easily seen that G is not a complete multipartite graph of the form K s×t . For, K s×t has order st and degree sum equal to s 2 t(t − 1). This forces st = 18n ± 3 and since G is 4-regular, s(t − 1) = 4, which is impossible.
We have established that graphs of the form C 18n±3 (1, 6n) are neither edge-transitive nor distance-regular, so we must develop a novel way of demonstrating their uniform edge betweenness centrality. Importantly, the method we will introduce does not involve making explicit centrality calculations by means of counting shortest paths, and will provide insight into the specific conditions that allow these graphs to be edge-betweennessuniform in the absence of the strong condition of edge transitivity.
We first focus on graphs of the form C 18n−3 (1, 6n), and then easily extend the method to graphs of the form C 18n+3 (1, 6n). We note two useful facts that we will exploit throughout the proofs:
1. Circulant graphs are vertex-transitive.
2. To demonstrate the uniform edge betweenness centrality of 2-circulants, it suffices to show that an inner chord has the same edge betweenness centrality as an outer chord (since the inner chords occupy the same orbit and the outer chords occupy the same orbit).
For G = C 15 (1, 6) (n = 1), one can show explicitly that B ′ (e) = 13 for all edges e in G. We now consider all n ≥ 2.
Lemma 2.4 Let G = C 18n−3 (1, 6n) for n ≥ 2 and fix any vertex s. Let a = (3n − 1)(6n). Then the only edges that do not lie on a shortest path originating at s are E = {(s + a, s + a + 1), (s − a, s − a − 1), (s − a, s + a), (s + a + 1, s + a + 1 − 6n), (s − a − 1, s − a − 1 + 6n), (s + a + 1 − 6n, s − a − 1 + 6n)}.
Proof. To find all edges involved in a shortest path originating at vertex s, we use a breadth-first search algorithm. In the algorithm, we mark an edge as visited if it is part of a shortest path originating at s.
Initialize a boolean-valued array markedEdges() indexed by the edges E(G) of G, so that markedEdges(e)
= false for all e ∈ E(G).
Initialize a boolean-valued array markedVertices() indexed by the vertices V (G) of G, so that markedVertices(v)
= false for all v ∈ V (G).
Initialize an integer-valued array distTo() indexed by the vertices
4. Initialize a first-in/first-out queue q with operations enqueue and dequeue, with q.enqueue(v) being the operation that adds v to the queue, and q.dequeue() being the operation that returns the least recently added item to q and removes it from q.
Set markedVertices(s)=true Set distTo(s)=0
q.enqueue(s) while q is not empty Set v = q.dequeue() for each w ∈ N (v) if markedVertices(w) = false Set markedVertices(w) = true Set markedEdges((v, w)) = true
Set markedEdges((v, w)) = true
Performing the algorithm up to and including marking all vertices that are distance 3 away from s, we find that the marked edges form the subgraph of G in Figure 3 . Figure 3 . The subgraph of G consisting of all edges marked by the BFS up to and including marking all vertices that are distance 3 away from s. The numbers indicate the order in which vertices were added to the queue q, with 0 corresponding to the first number added and 20 corresponding to the most recent number added.
Continuing the algorithm until it terminates, we find that for each 4 ≤ k ≤ 3n − 1, the following 12 edges are marked, with all the same distance from the starting vertex s:
It follows that the only edges that are not marked by the algorithm are those in the set E given in the statement of the lemma (see Figure 4) . Figure 4 . A generalized depiction of the algorithm performed on G, with the 6 edges that remain colored black being the edges that are not marked by the algorithm (and hence not occupying any shortest path originating at s).
Lemma 2.5 Let G = C 18n−3 (1, 6n) for n ≥ 2 and without loss of generality fix a source vertex s = 2 + (6n)(3n − 1) mod (18n − 3) and consider any vertex a. Let H = G − E, where E is the set of edges that do not lie on any shortest path originating at s (Lemma 2.4). Then there exists an an automorphism φ of H mapping e 1 = (a, a + 1) to e 2 = (a, a + 6n), given by:
where vertices (v and φ(v)) are taken mod (18n − 3).
Proof. By Lemma 2.4, E = {(12n, 12n − 1), (1, 2) , (6n, 12n), (1, 6n + 1), (6n, 6n + 1), (2, 12n − 1)}.
To show that φ is indeed an isomorphism, our strategy is to show that N (φ(v)) = φ(N (v)).
Case 1a: a − a mod(6n − 1) + 2 < v < a − a mod(6n − 1) + 6n
We have shown that φ is an isomorphism. Since φ(a) = a and φ(a + 1) = a − (6n)(a − (a + 1)) = a + 6n, φ maps the edge e 1 = (a, a + 1) to the edge e 2 = (a, a + 6n).
Corollary 2.2 Let G = C 18n−3 (1, 6n) and fix a vertex s. Let E s′ be the set of edges that do not lie on a shortest path originating at s ′ (Lemma 2.4). Then for every vertex s ′ , there exists an automorphism of G − E s′ mapping (s, s + 1) to (s, s + 6n).
Proof. The corollary follows from Lemma 2.5 along with the fact that G is vertex-transitive.
Theorem 2.4 Circulant graphs of the form C 18n−3 (1, 6n) are edge-betweenness-uniform.
Proof. Recall that since G is not edge-transitive, its edges fall into two different orbits: chords of length 1 and chords of length 6n. Thus, all chords of length 1 have the same edge betweenness centrality value, and all chords of length 6n have the same edge betweenness centrality value. Thus, to show that G has uniform edge betweenness centrality, it suffices to show that a chord of length 1 has the same edge betweenness centrality as a chord of length of 6n. Without loss of generality, we can choose any two chords with these lengths. Fix any vertex s. We would like to show that the edges (s, s + 1) (a chord of length 1) and (s, s + 6n) (a chord of length 6n) have the same edge betweenness centrality. By Lemma 2.4, we know that the only edges that do not lie on a shortest path originating at s are those in the set
Recall that the edge betweenness centrality of an edge e is defined by the formula:
for distinct vertices x, y.
Without loss of generality, fix the pair of edges e 1 = (s, s + 1) and e 2 = (s, s + 6n). Since no edges in the set E are on shortest paths originating at s, we can ignore these edges in calculating the contributions to B ′ (e 1 ) and B ′ (e 2 ) from shortest paths originating at s. Since by Corollary 2.2 there exists an automorphism of G − E s mapping e 1 to e 2 , we have that
In other words, the contributions to B ′ (e 1 ) and B ′ (e 2 ) from all shortest paths originating at the vertex s are equal.
Moreover, by Corollary 2.2, for every vertex s ′ , we can map (s, s + 1) to (s, s + 6n) through an automorphism of G − E s ′ , so that the contributions to B ′ (e 1 ) and B ′ (e 2 ) from all shortest paths originating at the vertex s ′ are equal. Therefore:
This completes the proof.
The process of demonstrating the uniform edge betweenness centrality of graphs of the form C 18n+3 (1, 6n) is essentially the same, once we have identified the analogues of Lemma 2.4 and Lemma 2.5 and Corollary 2.2, which we present below.
For G = C 21 (1, 6) (n = 1), one can show explicitly that B ′ (e) = 22 for all edges e in G. We now consider all n ≥ 2. Lemma 2.6 Let G = C 18n+3 (1, 6n) for n ≥ 2 and fix any vertex s. Let a = (3n)(6n). Then the only edges that do not lie on a shortest path originating at s are E = {(s + a, s + a − 1), (s − a, s + a), (s − a, s − a + 1), (s + a − 1, s + a − 1 − 6n), (s − a + 1, s − a + 1 + 6n), (s + a − 1 − 6n, s − a + 1 + 6n)}.
Lemma 2.7 Let G = C 18n+3 (1, 6n) for n ≥ 2 and without loss of generality fix a source vertex s = 2 + (6n)(3n) mod (18n + 3) and consider any vertex a. Let H = G − E, where E is the set of edges that do not lie on any shortest path originating at s (Lemma 2.6). Then there exists an automorphism φ of H mapping e 1 = (a, a − 1) to e 2 = (a, a + 6n), given by: Proof. By Lemma 2.6, E = {(2, 3), (12n+5, 12n+4), (2, 12n+5), (6n+4, 6n+3), (12n+4, 6n+4), (3, 6n+3)}.
Case 1a: a − a mod(6n + 1) + 3 < v < a − a mod(6n + 1) + 6n + 1 Case 4a: a − a mod(6n + 1) + 3 − (6n + 1) < v < a − a mod(6n + 1) + (6n + 1) − (6n + 1)
